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Synopsis

The analysis of a stationary, rotationally symmetric liquid jet which leads to an ex-
pression for the average normal stress at the exit of a capillary tube is reexamined with
particular attention to the effect of surface tension. The limiting case of a nearly
eylindrical jet is compared with the analysis presented by Gavis and Middleman.

" 1. Introduction

There has been considerable interest in attempting to use measure-
ments on the stationary liquid jet formed at the exit of a horizontal capil-
lary tube to determine with some approximation the relation between
two of the normal components of stress within the flow in the tube.'—*
Several papers'~* neglect the effect of surface tension in treating this
problem. More recently Gavis and Middleman’—* suggested that surface
tension may not be negligible in many cases. Below we derive a more
complete expression for the effect of surface tension which is compared
with that of Gavis and Middleman in the limit of a nearly cylindrical jet.

2, Analysis

In what follows we make a momentum balance on a portion of the
capillary jet.

Let us choose as our system of volume V the fluid contained in the jet
between the exit plane of the tube, S; (assumed to be normal to the flow),
and some plane S, parallel to S; and at a sufficient distance downstream
that the velocity in the jet is no longer a function of axial position. This
last condition makes it clear that the axis of the jet must be horizontal.*
The bounding surface S of V can be divided into three parts: Si, S,, and
S,, which denotes the free surface of the jet between S; and S, (i.e., S, =
S =8 — 8.
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Tor a steady-state flow the stress equation of motion may be written*
0 = (t7 — po'?) , + pof" (1)

where 17 is the stress tensor, p is the density, v’ is the velocity vector, and
S" is the external body foree vector per unit mass. Integrating eq. (1) over
¥V and making use of Green’s theorem!® we obtain

0 = fsgM[t7 — pv'v'In; dS + fygM oft AV (2

Since the integral of a vector is not in general a vector, we make use of the
shifter ¢, defined! as

x OXM oz
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where 8,% = 1if K = kand 5, = 0if K # k. The quantities X* and 2%
represent the curvilinear and rectangular, Cartesian coordinates, respec-
tively, of some point to which all of the vectors in the integrand are shifted.
The quantities #¢ and z* represent, respectively, the curvilinear and rec-
tangular Cartesian coordinates of each point in the field of integration.
Here (2) n, is an outwaidly directed unit vector normal to the closed sur-
face S.
Let us consider our problem in eylindrical coordinates

M

g = 0 (3)

at =@
2=z 4)
2 =r

where z increases in the direction of flow. From eq. (3)
gt =g =0
gt =1 (5)

and the second component of eq. (2) becomes (if we take the external
body force to represent the force of gravity)

0 = fs ¥ — pv'In; dS (6)
Since the free surface of the jet is stationary
0 = Sst¥n; dS + Ssp(v?)? dS — [sp(0})? dS — [t dS + st dS (7)

The fluid is taken to be incompressible and the velocity profile at S, is
assumed to be relatively uniform so that we may take the average of the
square of »? to be the square of the average of »?

.’-Szp(?)2)2 dS = pQ%/S, (8)
Here @ indicates the volume flow rate.

* Latin indices indicate tensors with respect to coordinate transformations in 3-space;
greek indices denote tensors with respect to surface coordinate transformations. Comma
notation stands for covariant differentiation® and the summation convention is em-
ployed throughout.
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Let us examine the surface equations of motion.>!3 We neglect
inertial effects in the surface, the effects of the surface viscosities, the
effect of gradients in surface tension, and the momentum exchange with
adjacent phases due to mass transfer to obtain!?

2Hn'e = —17qy nay; —~ Y neys 9)

Here n(g, is a unit vector normal to the surface and outwardly directed
into phase K, t¥ g, is the stress tensor adjacent to the surface in phase K,
o is surface tension, »'is a unit vector normal to the surface such that (x.1,
z»’, ") have the same orientation as the tangents to the spatial coordi-
nate curves®

n, = Pear.,’ T4/2 (10)

T = Ox'/ou” (11)

The quantity e, is defined as g'/%,,,, where g is the determinant of the ma-
trix of g,, and e, is the skew-symmetric relative tensor such that® e =
1 (gmn being the metric tensor in 3-space®®); ¢ is defined as ¢**/a'/2, where

¢*? is the skew-symmetric relative surface tensor such that® e'? = 1 (a being

the determinant of the matrix of a,5). The mean curvature of the surface
is9®

H = a°®bas/2, (12)
@, is the surface metric tensor,®
Oag = Jii%:a' 24 (13)
and bas is a symmetric tensor in Gauss’s formulae®®
bat = —Gmila T6" (14)

We observe that for the case we wish to consider the surface has no normal
component of velocity and that to good approximation (i.e., neglecting any
distortion by the external body foree) the surface is one of revolution. Ac-
cordingly, the surface coordinates are chosen to be

ul = x! (15)
and on the surface
x® = f(u?) (16)
From eq. (13) the components of the surface metric tensor are
an = (f)?
Ay = O (17)
ax =1+ (f)

Let us denote the liquid in the jet as phase 1 and the air surrounding the
liquid jet as phase 2. Then in the coordinate system described above

n't = nle = —n'y (18)
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and from eq. (10)
n; =0
ng = —f'/[1 + (f)2]" (19)
ng = 1/[1 + (f)*]"*~
From eq. (14),
bu = —f/[1 + ()2}
bz = 0 (20)
b = f/[1 + ()]
and we find the mean curvature of the surface from eq. (12) to be

i

H =" -
2l + () e
The second component of eq. (9) becomes, in view of eq. (18),
2Hn? ¢ = t(x)gj n; — [(2)21 n, (22)

If we neglect any viscous effects in the surrounding air stream where the
ambient pressure is po

(2Ho — po) n* = ty" n, (23)
of I+ 2+ el o4
fIL+ (M2 1+ (f/)2]1/2 ty*n, (24)

which can be used to evaluate the first term on the right of eq. (7).

In choosing the axial location of S, we specify that ow?/0x? = 0 at S..
For a Newtonian fluid or for a generalized Newtonian fluid (a special case
of the Stokesian fluid!* for which v = 0 in Serrin’s eq. (59.3) and which
includes all of the common empirical models for non-Newtonian behavior)

ti; = —pgy — ndy (25)
7 = q (Ily), Iy = d"dy (26)
dij = (l’m + l’j,1)/2 (27)

this condition implies that
Szft;g = —p (28)

While this would not necessarily be true in the general case of a fluid
described by the Coleman-Noll theory for simple fluids'~1” the assumption
is commonly made that eq. (28) is approximately obeyed in all cases of
interest;* this assumption is usually stated as requiring the stresses at
S; to be “relaxed.” From the third component of eq. (9) we have

2Hn3 = t(l)'”nj - l(g)“nj (29)
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The assumption 0v?/0z% = 0 at S, implies that /' = f” = 0 and
Se: my=n,=0, g =1, H= —1/(2f) (30)
We neglect the viscous effects in the surrounding air stream and find
Syt —o/f = y® + po (31)

Consistent with our assumption of a uniform profile in obtaining eq. (8), we
take

SQZ [(1)33 = —p (32)
to conclude that
SQZ p = (T/Rz + Po = — o (33)

where R, is the radius of the jets at S..
Returning to eq. (7), from egs. (8), (24), and (33) we have for the
average normal stress acting at S,

PRI [ 2 (* fof [=Mf" + (M + 1)
wmglomas=3 Fo gy TR

ISR Sl
r 2y2 _ PQ’ _ §2
+ s, j; . (¥")* dS 5.8, (po + o/R2) s, (34)

where L is the value of the cylindrical coordinate z at S, (z is zero at Si).
Here we have rewritten the first integral on the right of eq. (7) making use
of the expression for the differential element of area®®

dS = \a du! du? (35)
where

a = det Haaﬁ[l

3. Comparison with Previous Results

If the effect of surface tension is neglected entirely in eq. (34), the first
integral on the right becomes

2 L
fﬁmﬁ@=gm—&1 (36)

and eq. (34) reduces to

pQ*
S1Ss

- - F 22 79 —
wtm=2 [ oas @
which is in agreement with the expression proposed by Metzner, Houghton,
Sailor, and White.1=* (Their normal component of stress is computed rela-
tive to atmospheric pressure.) As White? points out, Sakiadis® incorrectly
considers a vertical jet.
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For a nearly cylindrieal jet (f)2 << 1landf” = 0. With thisassumption
the first integral ou the right of eq. (34) hecomes
2z (" , 27 -
;f' , lof + I)Uff]dz = §, (R: — Ry) o + po(R2 + Rl)J/2 (38)
] M1
For most cases of practical importance ¢ << po(Re + R1)/2
2r (*

o ) el + e = 2 s~ 8 (39)

If we assume the Poiseuille velocity profile at the exit of the tube®® (this is
justified only in the case of a Newtonian fluid),

Sl 2\ 2 — 4
@Ll(v)ds—/a (40)

and eq. (34) reduces to [in dimensionless from obtained by dividing
through by pQ?/(81)?]

2=, 2 R, S
pQ2 [tzz+p0] - + /3 Sg (4:1)

(We)? Ry
where
(We)=2 = o(S1)%/(20Q%R))

This is not quite the result presented by Gavis and Middleman?® [their eq.
(2)] for a Newtonian fluid:

(Sl)2 - — 2 R2 Sl
le = - . s — — 42)
o0° [t.. + p] (We)2R1+ /3 s, (
where
_ 1
p=~f pdS # po (43)
Sl St
If radial changes in pressure are neglected (which is consistent with the
assumption of a nearly cylindrical jet), and if it is assumed that ¢, = — p

at S; (which is also consistent with the assumption of a nearly cylindrical
jet for the case of a Newtonian fluid), from eqgs. (29) and (43) we have

p=p+ o/ky (44)
References

1. Metzner, A. B., W. T. Houghton, R. A. Sailor, and J. L. White, Trans. Soc. Rheol.,
5, 133 (1961).

2. Metzner, A. B., Handbook of Fluid Dynamics, V. L. Streeter, Ed., McGraw-Hill,
New York, 1961.

3. Sakiadis, B. C., A.I.CR.E. J., 8, 317 (1962).

4. White, J. L., AI.Ch.E. J., 9, 559 (1963).

5. Gavis, J., and S. Middleman, J. Appl. Polymer Sci., T, 493 (1963).



SURFACE TENSION AND STRESS AT EXIT OF CAPILLARY TUBE 1947

6. Middleman, 8., and J. Gavis, Phys. Fluids, 4, 355 (1961).

7. Middleman, 8., and J. Gavis, Phys. Fluids, 4, 963 (1961).

8. Middleman, S., and J. Gavis, Phys. Fluids, 4, 1450 (1061).

9. McConnell, A. J., dpplications of Tensor Analysis, Dover, New York, 1957,
(a)p-197; (b)p.203; (¢)p. 195; (d)p. R; (e) p. 134; (f) p. 165; (g) p. 189.

10. Aris, R., Vectors, Tensors, and the Basic Equations of Fluid Mechanics, Prentice-
Hall, Englewood Cliffs, N. J., 1962, p. 58.

11. Ericksen, J. L., in Handbuch der Physik, Vol. I11/1, S. Fligge, Ed., Springer-Verlag,
Berlin, 1960, p. 806.

12. Scriven, L. E., Chem. Eng. Sci., 12, 98 (1960).

13. Slattery, J. C., Chem. Eng. Sci., 17, 689 (1962).

14. Serrin, J., in Handbuch der Physik, Vol. VIII/1, S. Fligge, Ed., Springer-Verlag,
Berlin, 1959, p. 231.

15. Noll, W., Arch. Rational Mech. Anal., 2, 197 (1958).

16. Coleman, B. D., and W. Noll, Arch. Rational Mech. Anal., 3, 289 (1959).

17. Coleman, B. D., and W. Noll, Ann. N. Y. Acad. Sci., 89, 672 (1961).

18. Bird, R. B., W. E. Stewart, and E. N. Lightfoot, Transport Phenomena, Wiley,
New York, 1960, p. 46.

Résumé

L’analyse d’un jet stationnaire, symétrique pour une rotation qui permet de calculer
I'expression de la tension normale moyenne 4 la sortie d’un tube capillaire, est reexaminée
en attachant une attention particuliere & leffet de la tension superficielle. On a pu
montrer que 'expression donnée par Gavis et Middleman n’est valide que dans le cas
limite d’un jet cylindrique.

Zusammenfassung

Die Analyse eines stationidren rotationssymmetrischen Flissigkeitsstrahls, die zu
einem Ausdruck fiir die mittlere Normalspannung an der Ausflussoffnung einer Kapil-
larrohre fithrt, wird mit besonderer Beriicksichtigung des Einflusses der Oberflichen-
spannung durchgefiihrt. Es wird gezeigt, dass der Ausdruck von Gavis und Middleman
fitr den Grenzfall eines nahezu zylindrischen Strahles giltig ist.
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